Abstract. In this paper, we determine bundles which compute the higher Clifford indices for trigonal curves.
Introduction
In [5] , we introduced two definitions for Clifford indices of semistable vector bundles on a smooth projective curve of genus g ≥ 4. Many properties of these indices have been obtained in [5] and subsequent papers. It is an interesting question to determine the bundles which compute the Clifford indices; for results in ranks 2 and 3, see [7, 8] .
When C has classical Clifford index 0 (i.e. C is hyperelliptic), it is already known that the higher Cifford indices are also 0 and that all bundles computing them are direct sums of copies of H m , where H is the hyperelliptic line bundle (see [12, Proposition 2] ). In this paper, we consider the next case, when C is trigonal and therefore has classical Clifford index 1. The higher Clifford indices are also equal to 1, but one needs to determine the bundles that compute them. We show that all bundles which compute the less restrictive Clifford index compute also the more restrictive one and determine many of these bundles. The answers are slightly different for g = 4 (Theorems 3.2 and 3.4) and g ≥ 5 (Theorem 4.7) (here our results are complete only for g = 5, g = 6 and g ≥ 17 due to the fact that in other cases we do not know whether a certain line bundle is normally generated).
In the final section, we consider trigonal curves of genus 3. In this case, only one of the two higher Clifford indices is defined and it does not always take the value 1. We determine all these indices and the bundles that compute them (Theorem 5.3).
We work throughout on a curve C of genus g ≥ 3 defined over an algebraically closed field of characteristic 0. For any vector bundle E of rank n on C, we write d E for the degree of E and µ(E) := d E n for the slope of E.
Preliminaries
We begin by recalling some definitions from [5] . For any curve C, the gonality sequence
The curve C is said to be trigonal if
For any vector bundle E of rank n on C, we define
If g ≥ 4, we then define, for any positive integer n,
(In [5] and some other papers, Cliff n (C) was denoted by γ ′ n (C).) Note that Cliff 1 (C) = γ 1 (C) = Cliff(C) is the usual Clifford index of the curve C. We say that E contributes to Cliff n (C) (resp. γ n (C)) if E is semistable of rank n with h 0 (E) ≥ 2n (resp. n + 1) and µ(E) ≤ g − 1. If in addition γ(E) = Cliff n (C) (resp. γ n (C)), we say that E computes Cliff n (C) (resp. γ n (C)). A trigonal curve of genus g ≥ 4 has Cliff(C) = 1 and hence Cliff n (C) = γ n (C) = 1 for all n [5, Proposition 2.6(a)]. We shall see later that, for n ≥ 2, γ n (C) can be defined even when g = 3, but then it does not always take the value 1.
Lemma 2.1. Let C be a trigonal curve of genus g ≥ 4 with trigonal bundle T and let E be a bundle of rank n with γ(E) = 1. Then
Proof. Since γ(E) = 1, we have
Consider the evaluation sequence
Tensoring with E, taking global sections and using Riemann-Roch, we obtain
This implies the assertion.
Lemma 2.2. Let C be a trigonal curve of genus g ≥ 5 with trigonal bundle T . Then T is unique and there exists no non-trivial extension
Moreover T is the only bundle computing Cliff(C).
Proof. The uniqueness of T is well known. We need to show that the map
is injective or equivalently
We need to prove that h 0 (T 2 ) ≤ 3. This holds, because d 3 ≥ 7 by (2.1). The last part follows from (2.1).
genus 4
Let C be a non-hyperelliptic curve of genus g = 4. So γ n (C) = Cliff n (C) = Cliff(C) = 1 for all n and
We distinguish 2 cases. (i) There are 2 line bundles M 1 , M 2 of degree 3 with h 0 = 2 and
(ii) There is a unique line bundle M of degree 3 with h 0 (M) = 2 and
Lemma 3.1. Let C be a curve of type (i). Then the map
is surjective for i, j ∈ {1, 2}.
Proof. Consider the evaluation sequence
Tensoring with M j and taking global sections gives
In particular E computes Cliff n (C).
Proof. We have
By Lemma 2.1 and the fact that
Suppose first that there exists a non-zero homomorphism M 1 → E. Then the semistability of E implies that M 1 must be a subbundle of E and E must have degree d E = 3n, i.e. s = n and so E computes Cliff n (C). If n = 1, this implies that E ≃ M 1 . So suppose n ≥ 2 and the theorem has been proved for all bundles of rank n − 1. Then E/M 1 computes Cliff n−1 (C) and by induction we have an exact sequence
If there is no non-zero homomorphism M 1 → E, then by (3.1), 
, since E is semistable. This is a contradiction. Proof. We need to show that the cokernel of the map
is of dimension 1. The kernel of this map is
and so of dimension 1. Hence also the cokernel is of dimension 1.
Theorem 3.4. Let C be a curve of type (ii) and E a bundle computing γ n (C). Then E is a multiple extension of copies of M. In particular E computes Cliff n (C).
Proof. For n = 1 this is obvious. So suppose n ≥ 2 and it is proved for bundles of rank n − 1. In the same way as in the proof of the previous theorem we see that either there exists an injective homomorphism
The argument is completed as in the proof of Theorem 3.2.
Trigonal curves of genus ≥ 5
Let C be a trigonal curve of genus g ≥ 5.
Lemma 4.1. Suppose E is a semistable bundle of rank n on C with
Suppose F has rank r. The pullback of F to E is a subbundle of rank r + 1 and degree
Lemma 4.2. Suppose E computes γ n (C). Then there exists a nonzero homomorphism T → E. In particular, d E ≥ 3n and E computes Cliff n (C).
Proof. If there exists no non-zero homomorphism
Hence there is a q ∈ C such that there exists a non-zero homomorphism
Since h 0 (E * ) = 0 and E is generated,
) ≥ 2 and hence = 2.
It follows that for general r ∈ C we have
(r) has a section vanishing at arbitrary general points p 1 , . . . , p g−4 which implies h 0 (K C ⊗T * 2 (r)) ≥ g − 3. However
since h 0 (T 2 (−r)) = 2 for general r. Hence T (p 1 + · · · + p g−4 + q − r) ⊃ T and so
Since r is general and independent of p 1 , . . . , p g−4 , this implies that
The assertion that d E ≥ 3n follows from the semistability of E. But then the assumption that γ(E) = 1 implies that h 0 (E) ≥ 2n.
Remark 4.3. For g = 5 there is a much simpler proof. Here we have to prove that for general p 1 ∈ C and arbitrary q ∈ C we have 
is surjective. Then there exists no non-trivial extension
Remark 4.6. The surjectivity of the map (4.1) is equivalent to the normal generation of the line bundle
Proof. It is sufficient to show that the map
is surjective. This holds by (4.1).
Theorem 4.7. Let C be a trigonal curve of genus g ≥ 5 for which the map
T. Proof. For n = 1, the result is proved in Lemma 2.2. By induction we assume n ≥ 2 and that the theorem is proved for bundles of rank ≤ n − 1.
According to Lemma 4.2, there is a non-zero homomorphism T → E. Let T be the line subbundle generated by T . We apply Lemma 4.1 with L = T . Then every subbundle F of E/ T has µ(F ) ≤ 2g − 5. Moreover, every quotient bundle of E/ T has slope ≥ µ(E) ≥ 3 by semistability of E. So, if Q is any quotient in the Harder-Narasimhan filtration of
If neither Q nor K C ⊗ Q * contributes to the appropriate Clifford index, either h 0 (Q) ≤ rkQ or h 1 (Q) ≤ rkQ. In either case γ(Q) ≥ 3. On the other hand, if Q or K C ⊗ Q * contributes to the Clifford index, γ(Q) ≥ 1. So all quotients have γ ≥ 1.
Since γ(E) = 1, it follows that γ( T ) = 1 and so T = T . Moreover, for every quotient Q, either Q or K C ⊗ Q * computes the appropriate Clifford index and all sections lift at every stage. It follows by the inductive hypothesis and the definition of the Harder-Narasimhan filtration that we have an exact sequence
Proof. We have to show that the map (4.1) is surjective. For g ≥ 17 this follows from [4, Theorem 2(a)] (see also [7, Remark 5.2] ).
For g = 5, both spaces are of dimension 6. So this is equivalent to saying that the map (4.1) is injective. If not, the image of C in P 2 given by the sections of K C ⊗ T * is contained in a conic. Since d K C ⊗T * = 5, this is impossible.
For g = 6, we have h
. We need to prove that the image of C in P 3 given by K C ⊗ T * is not contained in 2 independent quadrics. This follows from the fact that the degree of the image is 7.
Remark 4.9. To obtain the result for g = 7, we would have to prove that the image of C in P 4 given by K C ⊗ T * is contained in at most 3 independent quadrics.
More generally, note that
So the difference in dimension between the two sides of (4.1) is easily seen to be 1 2 (g−4)(g−5). This implies that, if (4.1) fails to be surjective, then the image of C under the morphism given by the sections of the very ample line bundle K C ⊗ T * is contained in a quadric of corank g − 5, hence of rank 3. This alone, however, is not sufficient to prove non-surjectivity.
Genus 3
Let C be a non-hyperelliptic curve of genus 3. Then C is trigonal and (see (2.1)) (5.1)
The Clifford index Cliff n (C) is not defined for any n. In fact, if E is a semistable bundle of rank n with h 0 (E) ≥ 2n, then Clifford's theorem for semistable bundles implies that d E ≥ 2n with equality possible only on a hyperelliptic curve. So in our case d E > 2n, contradicting the assumption that d E ≤ n(g − 1).
The situation for γ n (E) is quite different. To see this, we begin with a definition and a lemma.
For any generated vector bundle, we define the dual span bundle D(E) by the exact evaluation sequence (Although there is a blanket assumption in [5] that g ≥ 4, this is not used in these proofs.)
Proposition 5.2. Let C be a trigonal curve of genus 3 and n ≥ 2. Then γ n (C) is defined and
Proof. Let L be a line bundle of degree d n with h 0 (L) = n + 1. By
⊕n/2 is semistable when n is even, this shows that the right hand side of (5.2) gives an upper bound for γ n (C). It remains to prove that this is also a lower bound for γ(E), where E is a bundle contributing to γ n (C).
Suppose E is such a bundle with h 0 (E) = n+s, s ≥ 1. By definition, we have 0
If d E = 2n and E is stable, then, by [10] , (5.4) still holds unless E ≃ D(K C ), in which case γ(E) = 1. (For the stability of D(K C ), see [11, Corollary 3.5] .) Suppose now that E is any bundle of degree 2n contributing to γ n (C). We consider a Jordan-Hölder filtration of E. We have shown that every quotient Q in this filtration has γ(Q) ≥ 1, so γ(E) ≥ 1. If n is odd, there must exist a quotient Q 0 of odd rank r, which therefore has γ(Q 0 ) ≥ 1 + 
, where L is a line bundle of degree d n with h 0 (L) = n + 1; (iii) if n is odd, the associated graded object of any bundle computing γ n (C) with d E = 2n has one of the following forms:
Proof. (i) It follows from Proposition 5.2 and its proof that the associated graded object of any bundle computing γ n (C) for n even has the form D(K C ) ⊕n/2 . The result will follow if we show that any extension
for which all sections of the quotient lift to E, splits. This is equivalently to showing that
is surjective. Using the sequence
and the fact that D(K C ) is stable, we see that the kernel of (5.5) is H 0 (D(K C ) * ) = 0. Now h 0 (D(K C )) = 3 and
by Riemann-Roch. Moreover 
